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I. INTRODUCTION
The Poincare´ gauge [theory of] gravity (PG) arises as a natural extension of Einstein’s
general relativity theory (GR) by following gauge-theoretic principles, see [1]-[7].
The Standard Model of fundamental particle physics is based on gauge theories for in-
ternal symmetries (described by the unitary groups U(1), SU(2), SU(3)). It clearly demon-
strates that, apart from GR, the gauge idea underlies all physical theories of fundamental
interactions. The geometrization of gravitational physics, by using the covariance and the
equivalence principles, is similar to the geometrization of the three ‘physical interactions’
(electromagnetic, weak and strong) by using the Yang-Mills type of approach. There is a
difference, though, in that the Standard Model deals with fundamental symmetry groups
acting in internal spaces, whereas gravity has to do with the symmetry of the external
spacetime.
Fairly early there were attempts to understand gravity as a gauge theory. Utiyama [8]
paved the way in this direction by using the Lorentz group SO(1, 3) as a gauge group for
gravity. It turned out to be unsuccessful, though, since the current which couples to the
Lorentz group is the angular momentum current. However, as we know from Newton’s theory
of gravity, it is the mass density or—according to special relativity—the energy-momentum
current that gravity has as its source. The group of the local spacetime translations (related
to diffeomorphisms) plays the central role in GR. This manifests itself in the well-known fact
[7] that the gravitational field couples to the corresponding translational Noether current,
namely the energy-momentum current (a.k.a. energy-momentum tensor).
Accordingly, when constructing the gauge theory of gravity, it is necessary to investigate
the conservation of the material energy-momentum current [9] and the related invariance
under rigid and, subsequently, under local translations. The localization of the translational
invariance then creates the gravitational field. As a result, already since the 1970s, a trans-
lational gauge theory (TG) was set up in the form of a teleparallelism theory [10–13]. The
paper of Cho [14], see also [15], may be taken as a concise description of a translational
gauge theory of gravity. Its structure is revisited from a modern geometrical point of view
in the more recent papers [16, 17], see also [18, 19]. For the technical details of the formalism
of TG, one may refer to [20].
As is well-known, fundamental particle physics is based on the Poincare´ group, which
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is a semidirect product of the translation group with the Lorentz group. The fundamen-
tal particles are classified by mass and spin which arise in the representation theory of the
Poincare´ group. In accordance with the semidirect product structure of the Poincare´ group,
the Noether theorem gives rise to the two currents: the energy-momentum tensor (transla-
tional current) and the spin angular-momentum tensor (intrinsic rotational current); for a
comprehensive review, see [1–6].
The resulting Poincare´ gauge theory provides, in this gauge-theoretic framework, a nat-
ural extension of GR, with the energy-momentum and spin currents as the sources of the
gravitational field [21, 22, 25, 26]. The spacetime is then characterized by a Riemann-Cartan
geometry with non-vanishing torsion and non-vanishing curvature.
In this paper we demonstrate that GR can be consistently interpreted as a special case of
Poincare´ gauge gravity PG under the two crucial assumptions: (i) the PG Lagrangian has a
certain special form, (ii) the matter couples nonminimally to the gravitational field of PG.
This result is nontrivial for the following reason: The translational gauge theory of gravity
TG, which is equivalent to GR, is, as such, applicable to spinless matter only. Here we
clarify how to avoid this difficulty and we will include matter with spin angular momentum
in a consistent way.
II. POINCARE´ GAUGE GRAVITY: FORMAL STRUCTURE
Following the general Yang-Mills-Utiyama-Sciama-Kibble gauge-theoretic scheme, the 10-
parameter Poincare´ group T4⋊SO(1, 3) gives rise to the 10-plet of the gauge potentials which
are consistently identified with the components ei
α of the orthonormal coframe ϑα = ei
αdxi
(4 potentials corresponding to the translation subgroup T4) and the components Γi
αβ =
−Γi
βα of the Lorentz connection Γαβ = Γi
αβdxi (6 potentials for the Lorentz subgroup
SO(1, 3)). The corresponding covariant curls, the field strengths of translations and Lorentz
rotations, (A1) and (A2), are the two-forms of the torsion and the curvature, respectively.
See Appendix A for the mathematical definitions.
Let us consider a generalization of the Einstein-Cartan model [22] with a Lagrangian that
contains all possible linear curvature invariants and all possible quadratic invariants of the
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torsion, as constructed from its irreducible parts (B1)-(B3):
V =
1
2κc
{
(ηαβ + a0ϑα ∧ ϑβ) ∧R
αβ − 2λ0η
−T α ∧
3∑
I=1
[
aI
∗((I)Tα) + aI
(I)Tα
]}
. (1)
For completeness, we included a term carrying the cosmological constant λ0. As compared
to the Einstein-Cartan model, the new Lagrangian contains 6 additional (dimensionless)
coupling constants: a0; a1, a2, a3 and a1, a2 = a3. The two latter constants are equal because
the two last terms in (1) are the same,
T α ∧ (2)Tα = T
α ∧ (3)Tα =
(2)T α ∧ (3)Tα, (2)
whereas T α∧(1)Tα =
(1)T α∧(1)Tα. One can prove these relations directly from the definitions
(B1)-(B3).
For the Lagrangian (1) we find the variational derivatives
Eα :=
δV
δϑα
= −DHα + Eα, (3)
Cαβ :=
δV
δΓαβ
= −DHαβ + Eαβ . (4)
Here we denoted as usual
Hα = −
∂V
∂T α
=
1
κc
3∑
I=1
[
aI
∗((I)Tα) + aI
(I)Tα
]
, (5)
Hαβ = −
∂V
∂Rαβ
= −
1
2κc
(ηαβ + a0ϑα ∧ ϑβ) , (6)
Eα =
∂V
∂ϑα
=
1
2κc
(
ηαβγ ∧R
βγ + 2a0Rαβ ∧ ϑ
β − 2λ0ηα
)
+
1
2
[
(eα⌋T
β) ∧Hβ − T
β ∧ eα⌋Hβ
]
, (7)
Eαβ =
∂V
∂Γαβ
=
1
2
(Hα ∧ ϑβ −Hβ ∧ ϑα) . (8)
The corresponding field equations of PG are derived from the variation of the total La-
grangian V + L with respect to the Poincare´ gauge potentials ϑα and Γαβ :
1
2
ηαβγ ∧R
βγ + a0Rαβ ∧ ϑ
β − λ0ηα
−Dhα + q
(T )
α = κTα, (9)
ηαβγ ∧ T
γ + a0 (Tα ∧ ϑβ − Tβ ∧ ϑα)
+ hα ∧ ϑβ − hβ ∧ ϑα = κcSαβ. (10)
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Here we denoted the linear and the quadratic functions of the torsion as
hα := κcHα =
3∑
I=1
[
aI
∗((I)Tα) + aI
(I)Tα
]
, (11)
q(T )α :=
1
2
[
(eα⌋T
β) ∧ hβ − T
β ∧ eα⌋hβ
]
. (12)
It is straightforward to prove the simple properties of these objects which follow directly
from their definitions:
ϑα ∧ q(T )α = 0, (13)
ϑα ∧ hα = − a2
∗T + a3
∗T , (14)
eα⌋hα = a3T + a2T. (15)
An important technical remark is in order: the two-form (11) and the three-form (12) satisfy
the geometrical identity
hα ∧ Tβ − hβ ∧ Tα + q
(T )
α ∧ ϑβ − q
(T )
β ∧ ϑα ≡ 0. (16)
To verify this, we notice that hα is a linear combination of the irreducible parts of the
torsion and its dual, and use the identities (C14)-(C16). The relation (16) is always valid
irrespectively whether the field equations are fulfilled or not.
The matter sources on the right-hand sides of the gravitational field equations (9) and
(10) are the three-forms of the canonical energy-momentum current and the spin current of
matter, respectively:
Tα :=
δL
δϑα
, (17)
Sαβ :=
δL
δΓαβ
. (18)
Up to this point, we have presented a general formalism and now we will specify the
structure of the PG field Lagrangian (1).
III. MODEL LAGRANGIAN AND FIELD EQUATIONS
The geometric identities (C6) and (C13) between the contortion one-form Kµν and the
torsion two-form T α underlie the subsequent discussion.
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Let us consider the Poincare´ gauge model belonging to the class (1) and characterized by
the following coupling constants:
a1 = − 1, a2 = 2, a3 =
1
2
,
a1 = − a0, a2 = − a0, a3 = − a0.
 (19)
Here we will show that the Poincare´ gauge model (19) is actually Einstein’s general relativity
theory (GR), provided the matter Lagrangian L = L(ψA, dψA, ϑα,Γαβ, T α) is non-minimally
coupled to the matter fields ψA by means of the Poincare´ gauge potentials ϑα,Γαβ and the
torsion T α.
Before we continue with our calculations, let us have a look at the explicit form of our
Lagrangian. Substituting (19) into (1), we find
V =
1
κc
[ηαβ ∧ R
αβ − 2λ0η
−T α ∧∗ (−(1)Tα + 2
(2)Tα +
1
2
(3)Tα)
+a0 (ϑα ∧ ϑβ ∧R
αβ + T α ∧ Tα)︸ ︷︷ ︸
=d(ϑα∧Tα)
]. (20)
In the first line, we have the Einstein-Cartan Lagrangian including the cosmological term, in
the second line we find the so-called viable set of torsion-square pieces of teleparallel gravity,
and in the third line, which is parity odd, there features an exact form, that is, we have
a boundary term. Here ϑα ∧ T
α is proportional to the translational Chern-Simons three-
form of PG, see [2]; its derivative yields the Nieh-Yan identity [23, 24], see the underbraced
expression in (20).
Let us now return to (20) and calculate the field equations explicitly. We begin by
evaluating the torsion functions (11) and (12). Specifically for the model (20), we find:
hα = h
(0)
α − a0 Tα, qα = q
(0)
α , (21)
h(0)α = −
1
2
Kµν ∧ ηαµν , (22)
q(0)α = Kα
β ∧ h
(0)
β +
1
2
Kγ
µ ∧Kνγ ∧ ηαµν . (23)
With the superscript (0), we denote all objects which refer to the parity-even sector of the
model (20)—the first two lines in (20).
The proof of (22) is straightforward: one should combine the definition (11) with the
identity (C6). To verify (23), we start with the definition of q
(0)
α , see (11),
q(0)α =
1
2
[
(eα⌋T
β) ∧ h
(0)
β − T
β ∧ eα⌋h
(0)
β
]
, (24)
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and evaluate the two terms on the right-hand side. Using (22), we have
T β ∧ eα⌋h
(0)
β = −
1
2
T β ∧ {(eα⌋K
µν)ηβµν +K
µνηαβµν} . (25)
For the first term we use another identity (C13) and we find
T β ∧ ηβµν(eα⌋K
µν) = −ϑµ ∧K
ρσ ∧ ηνρσ(eα⌋K
µν)
= (eα⌋T
ν −Kα
ν) ∧Kρσ ∧ ηνρσ, (26)
since (eα⌋K
µν)ϑµ = − eα⌋T
ν +Kα
ν . Consequently,
−
1
2
T β ∧ ηβµν(eα⌋K
µν) = (eα⌋T
β) ∧ h
(0)
β −Kα
β ∧ h
(0)
β , (27)
and substituting this into (25) and comparing it with (24), we derive
q(0)α =
1
2
Kα
β ∧ h
(0)
β +
1
4
Kµν ∧ ηαβµνT
β. (28)
We note that ηαβµνT
β = Dηαµν = Kα
β ∧ ηβµν +Kµ
β ∧ ηαβν +Kν
β ∧ ηαµβ . Hence
1
4
Kµν ∧ ηαβµνT
β =
1
2
Kα
β ∧ h
(0)
β +
1
2
Kγ
µ ∧Kνγ ∧ ηαµν . (29)
After substituting this into (28), the proof of (23) is completed. Incidentally, h
(0)
α and q
(0)
α
satisfy the identity
ϑα ∧ q
(0)
β − ϑβ ∧ q
(0)
α ≡ Tα ∧ h
(0)
β − Tβ ∧ h
(0)
α , (30)
which is the special case of the general identity (16).
We are now in a position to analyse the left-hand sides of the field equations of PG. At
first, we observe that
a0Rαβ ∧ ϑ
β −Dhα = −Dh
(0)
α , (31)
making use of (21) and the Bianchi identity Rαβ ∧ ϑ
β +DTα = 0. Next, we have Dh
(0)
α =
D˜h
(0)
α +Kα
β ∧ h
(0)
β . Thus, with the help of (22) and (23), we obtain
− Dh(0)α + q
(0)
α =
1
2
(D˜Kµν +Kγ
µ ∧Kνγ) ∧ ηαµν . (32)
As a result, the two field equations (9) and (10) of PG are recast into
1
2
ηαβγ ∧ R˜
βγ − λ0 ηα = κTα, (33)
0 = κcSαβ. (34)
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The left-hand side of (33) reduces to the Riemannian Einstein two-form by combining the
decomposition (A6) with (32). The left-hand side of (34) vanishes in view of (22) and the
identity (C13).
After clarifying the left-hand sides of the PG field equations, in the next section we turn
to the analyses of the right-hand sides.
IV. COUPLING OF GRAVITY TO MATTER
To finalize the discussion of model (20), we need to analyze the coupling of matter to
gravity. At the first sight, the second field equation of PG (34) looks contradictory, because
it apparently tells us that the spin current of matter is zero. However, this is only true if we
assume that matter couples to gravity in accordance with the minimal coupling principle. In
the latter case, the material Lagrangian is a function of matter fields ψA and their covariant
derivatives DψA.
This apparent inconsistency can be avoided if we make the crucial assumption that the
coupling of matter to gravity is non-minimal and the matter Lagrangian L = L(ψA, DψA, ϑα, T α)
depends on the translational gauge field strength, the torsion, too. Moreover, such a non-
minimal coupling is very special in the sense that the torsion enters the matter Lagrangian
only in the combination
ΦA := DψA −
1
2
Kαβ ∧ (ραβ)
A
B ψ
B. (35)
Here (ραβ)
A
B are the generators of the Lorentz algebra which determine the transformation
of the matter field under the local Lorentz rotation of the coframe,
δϑµ = ε(x)ν
µϑν , δψA = −
1
2
εαβ(ραβ)
A
Bψ
B, (36)
with the infinitesimal parameters εαβ = − εβα. The Lagrange-Noether machinery for the
nonminimal coupling case is well developed [2, 25, 26]. It yields for the material sources of
the Poincare´ gauge field—the canonical energy-momentum and spin currents—a well known
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result:
Tα = (eα⌋Dψ
A) ∧
∂L
∂DψA
+ (eα⌋ψ
A) ∧
∂L
∂ψA
− eα⌋L
−D
∂L
∂T α
+ (eα⌋T
β) ∧
∂L
∂T β
, (37)
cSαβ = (ραβ)
A
B ψ
B ∧
∂L
∂(DψA)
−ϑα ∧
∂L
∂T β
+ ϑβ ∧
∂L
∂Tα
. (38)
The second lines in these two expressions account for the non-minimal coupling.
We identify the first line of (38) with the canonical spin current three-form defined under
the assumption of the minimal coupling
c
m
Sαβ := (ραβ)
A
B ψ
B ∧
∂L
∂DψA
= −c
m
Sβα. (39)
This three-form can be equivalently represented by the “spin energy potential” two-form
m
µα
according to
m
Sαβ = ϑα ∧
m
µβ − ϑβ ∧
m
µα. (40)
Resolved with respect to
m
µα, we find
m
µα = − e
β⌋
m
Sαβ +
1
4
ϑα ∧ e
β⌋eγ⌋
m
Sβγ. (41)
Now we insert (38) into the second field equation (34) and resolve the latter to find
∂L
∂Tα
= c
m
µα. (42)
Eq.(35) yields
∂L
∂DψA
=
∂L
∂ΦA
,
∂ΦA
∂ψB
= −
1
2
Kαβ(ραβ)
A
B. (43)
Making use of these relations together with (42), allows us to recast the energy-momentum
current of matter (37) into
Tα =
m
Tα − cD˜
m
µα, (44)
where
m
Tα = (eα⌋Φ
A) ∧
∂L
∂ΦA
− eα⌋L
+(eα⌋ψ
A) ∧
( ∂L
∂ψA
+
∂ΦB
∂ψA
∂L
∂ΦB
)
. (45)
9
The final piece, which completes the puzzle, comes up when one recognizes, with the help of
(A3), that ΦA = D˜ψA is, in fact, the Riemannian covariant derivative. Then we identify (45)
with the usual canonical energy-momentum current [27] computed under the assumption of
minimal coupling. In components, Tα = Tα
µηµ and Sαβ = Sαβ
µηµ. Thus, we have
Tα
µ =
m
Tα
µ +
c
2
D˜ν
(m
S
µν
α +
m
S
µ
α
ν +
m
Sα
νµ
)
. (46)
We immediately recognize in this expression the so-called metric energy-momentum current
symmetrized by means of the Belinfante-Rosenfeld procedure.
Thus, we have verified, indeed, that the Poincare´ gauge field equations (33)-(34) reproduce
Einstein’s GR for the Lagrangian (20).
V. OUR MODEL’S PARTICLE CONTENT
The conclusions above can be strengthened by the study of the dynamical particle content
of the PG model (20). As a background, we assume a torsionless spacetime of constant
curvature λ, that is,
D̂ϑ̂α = dϑ̂α + Γ̂β
α ∧ ϑ̂β = 0, (47)
R̂αβ = dΓ̂αβ + Γ̂γ
β ∧ Γ̂αγ = λ ϑ̂α ∧ ϑ̂β. (48)
Let us split the PG gauge potentials into background and perturbations:
ϑα = ϑ̂α + χα, (49)
Γαβ = Γ̂αβ + γαβ . (50)
The particle spectrum of a general quadratic PG model on the Minkowski background
was considered in [28]. Inserting (49) and (50) into the definitions of the torsion and the
curvature, we find the expansions
T α = D̂χα + γβ
α ∧ ϑ̂β + γβ
α ∧ χβ, (51)
Rαβ = λ ϑ̂α ∧ ϑ̂β + D̂γαβ + γγ
β ∧ γαγ . (52)
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The expansions of the η-basis can be straightforwardly obtained by making use of (49). Up
to the second order in perturbations, we find:
η = η̂ + χα ∧ η̂α +
1
2
χα ∧ χβ ∧ η̂αβ, (53)
ηα = η̂α + χ
β ∧ η̂αβ +
1
2
χβ ∧ χγ ∧ η̂αβγ, (54)
ηαβ = η̂αβ + χ
γ ∧ η̂αβγ +
1
2
χµ ∧ χν η̂αβµν , (55)
ηαβγ = η̂αβγ + χ
δ η̂αβγδ. (56)
Substituting (51)-(56) into (1) and taking into account (20), we obtain the quadratic La-
grangian which determines the dynamics of the gravitational perturbations
V =
3λ
κc
η̂ +
1
2κc
{
d
[
(η̂αβ − η̂αβγ ∧ χ
γ) ∧ γαβ
+ a0
(
ϑ̂α ∧ ϑ̂β − ϑ̂α ∧ χβ
)
∧ γαβ
]
+
1
2
Nµν ∧ η̂αµν ∧ D̂χ
α − 2λχα ∧ χβ ∧ η̂αβ
}
. (57)
The cosmological constant fixes the value of the constant curvature of the background:
λ =
λ0
3
. (58)
The one-form Nµν = −Nνµ is constructed in terms of the covariant derivatives of the
translational perturbations. Namely, by definition,
Nαβ ∧ ϑ̂
β = D̂χα, (59)
so that explicitly
Nαβ =
1
2
(
êα⌋D̂χβ − êβ⌋D̂χα − ϑ̂
γ êα⌋êβ⌋D̂χγ
)
. (60)
As we see, the rotational (Lorentz) perturbation γµν is non-dynamical: it contributes
only to the total derivative in (57), and hence the corresponding field equation is trivial.
This is perfectly consistent with our previous analysis which demonstrated the vanishing of
the left-hand side of the second field equation (34).
The last line of the linearized Lagrangian (57) determines the dynamics of the transla-
tional perturbation one-form χα. The latter has a nontrivial skew-symmetric part which is
conveniently described in terms of the two-form
χ :=
1
2
χα ∧ ϑ̂α. (61)
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Indeed, decomposing χα = χβ
αϑ̂β, we find χ = 1
2
χ[αβ]ϑ̂
α ∧ ϑ̂β.
The symmetric part of the translational perturbation is then defined as
ϕα := χα + êα⌋χ, (62)
so that ϕα ∧ ϑ̂α = 0, and in components ϕ
α = χ(αβ)ϑ̂β.
As a result, the one-form (60) is recast into
Nαβ = êα⌋D̂ϕβ − êβ⌋D̂ϕα + D̂ (êα⌋êβ⌋χ) , (63)
and we find
1
2
Nµν ∧ η̂αµν = (ê
µ⌋D̂ϕν) ∧ η̂αµν − D̂
∗(ϑ̂α ∧ χ). (64)
This yields
1
2
Nµν ∧ η̂αµν ∧ D̂χ
α = (êµ⌋D̂ϕν) ∧ η̂αµν ∧ D̂χ
α
− D̂ ∗(ϑ̂α ∧ χ) ∧ D̂χ
α. (65)
The last term can be transformed into a total derivative
− D̂ ∗(ϑ̂α ∧ χ) ∧ D̂χ
αχ) ∧ χα
= − d
{
χα ∧ D̂ ∗(ϑ̂α ∧ χ)
}
+ 4λχ ∧ ∗χ, (66)
by noticing that D̂D̂ ∗(ϑ̂α∧χ)∧χ
α = − R̂α
β∧∗(ϑ̂β∧χ)∧χ
α = 2λ(ϑ̂β∧χ)∧∗(ϑ̂β∧χ) = 4λχ∧
∗χ.
Here we used (48) and the definition (61).
With the help of (61), we recast the last term in the Lagrangian (57) into
− 2λχα ∧ χβ ∧ η̂αβ = − 2λϕ
α ∧ ϕβ ∧ η̂αβ − 4λχ ∧
∗χ, (67)
and observe that the last terms in (66) and (67) cancel each other.
Next, we analyse the first term on the right-hand side of (65). Substituting the decom-
position of the translational perturbation χα = ϕα − eα⌋χ into the latter, we find
− (êµ⌋D̂ϕν) ∧ η̂αµν ∧ D̂(ê
α⌋χ) = − d
{
ϕα ∧ D̂ ∗(ϑ̂α ∧ χ)
}
. (68)
Collecting all the intermediate derivations, we use (65)-(68) to bring the Lagrangian (57)
into the final form
V = V non + V dyn, (69)
V dyn =
1
2κc
{
(êµ⌋D̂ϕν) ∧ η̂αµν ∧ D̂ϕ
α
−2 λϕα ∧ ϕβ ∧ η̂αβ
}
. (70)
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The first term on the right-hand side of (69) is non-dynamical one,
V non =
1
2κc
{6λη̂ + dUnon} , (71)
Unon = (η̂αβ − η̂αβγ ∧ χ
γ) ∧ γαβ
+ a0
(
ϑ̂α ∧ ϑ̂β − ϑ̂α ∧ χβ
)
∧ γαβ
− (χα + ϕα) ∧ D̂ ∗(ϑ̂α ∧ χ). (72)
Consequently, the rotational (Lorentz) perturbation γαβ and the skew-symmetric part χ
of the translational perturbation both contribute merely to the total divergence term (71)
in the Lagrangian, and hence they are both non-dynamical. The symmetric translational
perturbation ϕα represents the only dynamical degree of freedom. According to (70), it
satisfies the linearized version of Einstein’s field equation:
D̂(êµ⌋D̂ϕν) ∧ η̂αµν − 2λ η̂αβ ∧ ϕ
β = 0. (73)
It is convenient to introduce a two-form
Fα := D̂ϕα + (êβ⌋D̂ϕ
β) ∧ ϑ̂α. (74)
This object can be called a Fierz field, see [29] and [30]. One can straightforwardly verify
that
(êµ⌋D̂ϕν) ∧ η̂αµν =
∗Fα, (75)
so that the field equation (73) is recast into
D̂ ∗Fα − 2λ η̂αβ ∧ ϕ
β = 0, (76)
whereas the linearized Lagrangian (70) can be compactly rewritten as
V dyn =
1
2κc
{
∗Fα ∧ D̂ϕ
α − 2λϕα ∧ ϕβ ∧ η̂αβ
}
. (77)
Note that the covariant derivatives of (73) and (76) vanish identically. Indeed, from (76) we
have
ϑ̂α ∧ ∗Fα = − 2(ê
µ⌋D̂ϕν) ∧ η̂µν , (78)
and hence
D̂D̂ ∗Fα = − R̂α
β ∧ ∗Fβ = −λϑ̂α ∧ ϑ̂
β ∧ ∗Fβ
= 2λϑ̂α ∧ (ê
µ⌋D̂ϕν) ∧ η̂µν
= 2λD̂ϕν ∧ η̂αν , (79)
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which cancels exactly the derivative of the second term in (73) and (76), namely D̂(− 2λ η̂αβ∧
ϕβ).
On the other hand, by multiplying (73) and (76) with the coframe ϑ̂α∧, one obtains a
nontrivial equation for the trace ϕ = êα⌋ϕ
α of the translational perturbation:
D̂(êµ⌋D̂ϕν) ∧ η̂µν + 3λη̂µ ∧ ϕ
µ = 0. (80)
Here we used (78) and ϑ̂α ∧ η̂αβ = 3η̂β.
It is instructive to rewrite everything in components. Starting with ϕα = ϕβ
α ϑ̂β (recall
that ϕαβ = ϕβα), we have D̂ϕ
α = 1
2
(D̂µϕν
α − D̂νϕµ
α)ϑ̂µ ∧ ϑ̂ν . Then we find for the Fierz
field Fα = 1
2
Fµν
α ϑ̂µ ∧ ϑ̂ν the components
Fµν
α = D̂µϕν
α − D̂νϕµ
α + δαν (D̂
λϕµλ − D̂µϕ)
−δαµ (D̂
λϕνλ − D̂νϕ). (81)
Here the trace scalar ϕ = êα⌋ϕ
α = ϕα
α.
Accordingly, the four-form Lagrangian (70), (77) reads
V dyn =
η̂
2κc
{
FµναD̂µϕν
α + 2λ(ϕαβϕ
αβ − ϕ2)
}
(82)
=
η̂
2κc
{
D̂µϕνλD̂
µϕνλ − D̂µϕνλD̂
νϕµλ
− (D̂ρϕµρ − D̂µϕ)(D̂σϕ
µσ − D̂µϕ)
+ 2λ(ϕαβϕ
αβ − ϕ2)
}
, (83)
and the field equation (73) and (76) is recast into
D̂νFµν
α + 2λ (ϕµ
α − ϕδαµ) = 0. (84)
Similarly, the trace equation (80) reads explicitly as
D̂µ(D̂
µϕ− D̂νϕ
µν)− 3λϕ = 0. (85)
Finally, a useful observation is in order. After introducing
uµν := ϕµν −
1
2
gµνϕ, (86)
we recast the Fierz tensor (81) into
Fµν
α = D̂µuν
α − D̂νuµ
α + δαν D̂
λuµλ − δ
α
µD̂
λuνλ. (87)
Summarizing, we conclude that the particle spectrum of the model (20) contains only the
spin-2 graviton mode propagating on the de Sitter background.
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VI. DISCUSSION AND CONCLUSION
In this paper we demonstrated that GR can be consistently interpreted as a specific
model of Poincare´ gauge gravity under two crucial assumptions: (i) The PG Lagrangian has
a certain special form, namely that given in Eq. (20). (ii) The matter couples nonminimally
to the gravitational field of PG in accordance with the substitution specified in Eq. (35).
It should be noted that one can formally recover GR by using the Lagrange multipliers
method in PG [2, 31]. However, this is achieved by extending the space of PG variables with
auxiliary fields which are alien to the gauge-theoretic approach. The fundamental novelty
of our result is the demonstration that GR arises as a special model in the framework of the
genuine Poincare´ gauge gravity theory where the only dynamical variables are the coframe ϑα
and the local Lorentz connection Γαβ (i.e., the translational and rotational gauge potentials)
with no extra degrees of freedom added.
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Appendix A: Riemann-Cartan geometry: torsion, curvature, and η-forms
Our basic notation and conventions are as follows: Greek indices α, β, · · · = 0, . . . , 3,
denote the anholonomic components (for example, of a coframe ϑα), while the Latin indices
i, j, · · · = 0, . . . , 3, label the holonomic components (dxi, e.g.). The Minkowski metric is
gαβ = diag(+1,−1,−1,−1).
The gravitational field is described by the coframe ϑα = ei
αdxa and the Lorentz connec-
tion Γαβ = Γi
αβdxi one-forms. The translational and rotational field strengths read
T α = Dϑα = dϑα + Γβ
α ∧ ϑβ , (A1)
Rαβ = dΓαβ + Γγ
β ∧ Γαγ . (A2)
The Riemannian connection one-form Γ˜β
α is uniquely defined by means of the vanishing
torsion condition dϑα + Γ˜β
α ∧ ϑβ = 0. One can decompose the Lorentz (a.k.a. Riemann-
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Cartan) connection
Γαβ = Γ˜αβ −Kαβ (A3)
into the Riemannian and the post-Riemannian parts. The contortion one-formKαβ = −Kβα
is algebraically related to the torsion:
T α = Kαβ ∧ ϑ
β . (A4)
Explicitly, we have for the contortion one-form:
Kαβ =
1
2
(eα⌋Tβ − eβ⌋Tα − ϑ
γ eα⌋eβ⌋Tγ) . (A5)
By substituting (A3) into (A2), we can decompose the curvature two-form into Riemannian
and post-Riemannian parts:
Rαβ = R˜αβ − D˜Kαβ +Kγ
β ∧Kαγ . (A6)
Hereafter the Riemannian objects and operators (constructed with the help of the Rieman-
nian connection) are denoted by the tilde.
Denoting the volume 4-form by η, we construct the η-basis in the space of exterior forms
the help of the interior products as ηα1...αp := eαp⌋ . . . eα1⌋η, p = 1, . . . , 4. They are related
to the coframe θ-basis via the Hodge dual operator ⋆, for example, ηαβ =
⋆ (ϑα ∧ ϑβ).
Useful relations for the products of the coframes:
ϑµ ∧ ηα = δ
µ
α η, (A7)
ϑµ ∧ ϑν ∧ ηαβ = (δ
µ
αδ
ν
β − δ
ν
αδ
µ
β) η, (A8)
ϑβ ∧ ηαµν = δ
β
α ηµν + δ
β
µ ηνα + δ
β
ν ηαµ, (A9)
ϑµ ∧ ϑν ∧ ηαβγ = 2(δ
[µ
α δ
ν]
β ηγ
+ δ
[µ
β δ
ν]
γ ηα + δ
[µ
γ δ
ν]
α ηβ). (A10)
Appendix B: Irreducible decomposition of the torsion
The torsion two-form can be decomposed into the three irreducible pieces, T α = (1)T α +
(2)T α + (3)T α, where
(2)T α =
1
3
ϑα ∧ T, (B1)
(3)T α = −
1
3
∗(ϑα ∧ T ), (B2)
(1)T α = T α − (2)T α − (3)T α. (B3)
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Here the one-forms of the trace T and the axial trace T of the torsion T α = 1
2
Tρσ
α ϑρ ∧ ϑσ
are defined in terms of the torsion components as follows:
T := eν⌋T
ν = Tµν
µϑν , (B4)
T := ∗(T ν ∧ ϑν) =
1
2
Tρσµη
ρσµν ϑν . (B5)
Appendix C: Key identities
There are several useful relations for the irreducible torsion parts. In particular consider
T µ = 1
2
Tρσ
µ ϑρ ∧ ϑσ and multiply it by ηαβµ. With the help of (A10) we find
T µ ∧ ηαβµ =
1
2
Tρσ
µ ϑρ ∧ ϑσ ∧ ηαβµ = (Tαβ
µ − 3 (2)Tαβ
µ) ∧ ηµ. (C1)
On the other hand, for the dual ∗T α = 1
2
Tρσ
α ηρσ we immediately verify
∗Tα ∧ ϑβ −
∗Tβ ∧ ϑα = (Tαβ
µ − 3 (3)Tαβ
µ) ∧ ηµ. (C2)
Applying (C1) and (C2) to the irreducible torsion parts, we obtain the identities
(1)T µ ∧ ηαβµ = 2
∗((1)T[α) ∧ ϑβ], (C3)
(2)T µ ∧ ηαβµ = − 4
∗((2)T[α) ∧ ϑβ], (C4)
(3)T µ ∧ ηαβµ = −
∗((3)T[α) ∧ ϑβ]. (C5)
Another identity expresses the contortion in terms of the duals of the irreducible parts
of the torsion:
1
2
Kµν ∧ ηαµν ≡
∗
(
(1)Tα − 2
(2)Tα −
1
2
(3)Tα
)
. (C6)
To prove this, we substitute Kµν = 1
2
(eµ⌋T ν − eν⌋T µ − ϑλeµ⌋eν⌋Tλ) into the left-hand side
of (C6) and find:
Kµν ∧ ηαµν = (e
µ⌋T ν) ∧ ηαµν −
1
2
(eµ⌋eν⌋Tβ)ϑ
β ∧ ηαµν . (C7)
In order to evaluate the first term, we start with
(eµ⌋T ν) ∧ ηµν = e
µ⌋(T ν ∧ ηµν) = e
µ⌋(ηµ ∧ T )
= − ηµ e
µ⌋T = − ∗(ϑµ e
µ⌋T ) = − ∗T, (C8)
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where we used the identity 0 ≡ eν⌋(T
ν ∧ ηµ) = T ∧ ηµ + T
ν ∧ ηµν . Applying the interior
product eα⌋, we find
(eα⌋e
µ⌋T ν) ηµν − (e
µ⌋T ν) ∧ ηαµν = − eα⌋
∗T. (C9)
Thus the first term on the right hand side of (C7) reads
(eµ⌋T ν) ∧ ηαµν ≡ eα⌋
∗T + (eα⌋e
µ⌋T ν) ηµν
= ∗(T ∧ ϑα) +
∗(ϑµ ∧ ϑν eα⌋e
µ⌋T ν)
= ∗(−ϑα ∧ T + Tα − eα⌋(ϑ
ν ∧ Tν)). (C10)
The second term on the right hand side of (C7) is easily computed with the help of (A9):
−
1
2
(eµ⌋eν⌋Tβ)ϑ
β ∧ ηαµν ≡
∗
(
−
1
2
ϑµ ∧ ϑν e
µ⌋eν⌋Tα
+ϑ[ν ∧ ϑα] e
ν⌋T
)
= ∗(Tα − ϑα ∧ T ). (C11)
Collecting (C10) and (C11), we find:
Kµν ∧ ηαµν ≡
∗
(
2Tα − 2ϑα ∧ T − eα⌋(ϑ
ν ∧ Tν)
)
. (C12)
Substituting the definitions (B1)-(B3), one proves the identity (C6).
Taking the sum of (C3)-(C5) and making use of (C6), we obtain another identity:
T γ ∧ ηαβγ + ϑ[α ∧K
µν ∧ ηβ]µν ≡ 0. (C13)
The relations (C3)-(C6) and (C13) are linear in the torsion components.
In addition, there exist other identities which are quadratic in the torsion components.
They read as follows:
∗((I)T[α) ∧ Tβ] +
∗((I)Tγ) ∧ ϑ[α ∧ eβ]⌋T
γ = 0. (C14)
These identities hold for all irreducible parts, I = 1, 2, 3. Besides that, there are similar
(sort of “dual”) relations
(1)T[α ∧ Tβ] +
(1)Tγ ∧ ϑ[α ∧ eβ]⌋T
γ = 0, (C15)
((2)T[α +
(3)T[α) ∧ Tβ]
+ ((2)Tγ +
(3)Tγ) ∧ ϑ[α ∧ eβ]⌋T
γ = 0. (C16)
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To prove the relations (C14)-(C16), one should directly use the definitions (B1)-(B3).
[1] F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M. Nester, General relativity
with spin and torsion: foundation and prospects. Rev. Mod. Phys. 48, 393-416 (1976).
https://doi.org/10.1103/RevModPhys.48.393
[2] F. W. Hehl, J. D. McCrea, E. W. Mielke, and Y. Ne’eman, Metric-affine gauge theory of
gravity: Field equations, Noether identities, world spinors, and breaking of dilation invariance.
Phys. Rept. 258, 1-171 (1995). https://doi.org/10.1016/0370-1573(94)00111-F
[3] M. Blagojevic´, Gravitation and gauge symmetries (Institute of Physics, Bristol, 2002).
[4] M. Blagojevic´ and F. W. Hehl, Eds. Gauge Theories of Gravitation. A Reader with Commen-
taries (Imperial College Press, London, 2013).
[5] V. N. Ponomarev, A. Barvinsky, and Yu. N. Obukhov, Geometrodynamical Methods and the
Gauge Approach to the Gravitational Interaction (Nauka: Moscow, 2017).
[6] E. W. Mielke, Geometrodynamics of Gauge Fields: On the Geometry of Yang-Mills and Grav-
itational Gauge Theories, 2nd edition (Springer: Cham, 2017).
[7] R. P. Feynman, F. B. Morinigo and W. G. Wagner, Feynman lectures on gravitation, Ed. B.
Hathfield (Addison-Wesley Publishing, Reading MA, 1995).
[8] R. Utiyama, Invariant theoretical interpretation of interaction. Phys. Rev. 101, 1597-1607
(1956). https://doi.org/10.1103/PhysRev.101.1597
[9] F. W. Hehl and Yu. N. Obukhov, Conservation of energy-momentum of mat-
ter as the basis for the gauge theory of gravitation, arXiv:1909.01791 (2019).
https://arxiv.org/abs/1909.01791
[10] Y. Itin, Energy momentum current for coframe gravity. Class. Quantum Grav. 19, 173 (2002).
https://doi.org/10.1088/0264-9381/19/1/311
[11] F. W. Hehl, Y. Itin, and Yu. N. Obukhov, On Kottler’s path: origin and evolution of the
premetric program in gravity and in electrodynamics. Int. J. Mod. Phys. D 25, 1640016
(2016). http://dx.doi.org/10.1142/S0218271816400162
[12] Y. Itin, F. W. Hehl, and Yu. N. Obukhov, Premetric equivalent of general relativity: Telepar-
allelism. Phys. Rev. D 95, 084020 (2017). https://doi.org/10.1103/PhysRevD.95.084020
[13] Y. Itin, Yu. N. Obukhov, J. Boos, and F. W. Hehl, Premetric teleparallel theory of
19
gravity and its local and linear constitutive law. Eur. Phys. J. C 78, 907 (2018).
https://doi.org/10.1140/epjc/s10052-018-6344-5
[14] Y. M. Cho, Einstein Lagrangian as the translational Yang-Mills Lagrangian. Phys. Rev. D 14,
2521-2525 (1976). https://doi.org/10.1103/PhysRevD.14.2521
[15] J. Nitsch and F. W. Hehl, Translational gauge theory of gravity: Post-
newtonian approximation and spin precession. Phys. Lett. B 90, 98 (1980).
https://doi.org/10.1016/0370-2693(80)90059-3
[16] Yu. N. Obukhov and J. G. Pereira, Metric affine approach to teleparallel gravity. Phys. Rev.
D 67, 044016 (2003). https://doi.org/10.1103/PhysRevD.67.044016
[17] J. G. Pereira and Yu. N. Obukhov, Gauge structure of teleparallel gravity. Universe 5, no. 6,
139 (2019). https://doi.org/10.3390/universe5060139
[18] T. Koivisto, M. Hohmann, and T. Z los´nik, The general linear Cartan khronon. Universe 5,
no. 6, 168 (2019). https://doi.org/10.3390/universe5070168
[19] M. Le Delliou, E. Huguet, and M. Fontanini, Teleparallel theory as a gauge
theory of translations: Remarks and issues. Phys. Rev. D 101, 024059 (2020).
https://doi.org/10.1103/PhysRevD.101.024059
[20] R. Aldrovandi and J. G. Pereira, Teleparallel Gravity: An Introduction (Springer, Dordrecht,
The Netherlands, 2013).
[21] D. Ivanenko and G. Sardanashvily, The gauge treatment of gravity. Phys. Repts. 94, 1-45
(1983). https://doi.org/10.1016/0370-1573(83)90046-7
[22] A. Trautman, The Einstein-Cartan theory. in: Encyclopedia of Mathematical Physics,
Eds. J. P. Franc¸oise, G. L. Naber, S. T. Tsou (Elsevier, Oxford) 2, 189-195 (2006).
https://arxiv.org/abs/gr-qc/0606062
[23] H. T. Nieh and M. L. Yan, An Identity in Riemann-Cartan Geometry. J. Math. Phys. 23, 373
(1982). https://doi.org/10.1063/1.525379
[24] H. T. Nieh, Torsional topological invariants. Phys. Rev. D 98, 104045 (2018).
https://doi.org/10.1103/PhysRevD.98.104045.
[25] Yu. N. Obukhov, Poincare´ gauge gravity: selected topics. Int. J. Geom. Meth. Mod. Phys. 3,
95-137 (2006). https://doi.org/10.1142/S021988780600103X
[26] Yu. N. Obukhov, Poincare´ gauge gravity: An overview. Int. J. Geom. Meth. Mod. Phys. 15
(supp01), 1840005 (2018). https://doi.org/10.1142/S0219887818400054
20
[27] F. W. Hehl, On the energy tensor of spinning massive matter in classi-
cal field theory and general relativity. Repts Math. Phys. 9, 55-82 (1976).
https://doi.org/10.1016/0034-4877(76)90016-1
[28] M. Blagojevic´ and B. Cvetkovic´, General Poincare´ gauge theory: Hamil-
tonian structure and particle spectrum. Phys. Rev. D 98, 024014 (2018).
https://doi.org/10.1103/PhysRevD.98.024014
[29] M. Novello and R. P. Neves, Spin-2 field theory in curved spacetime
in the Fierz representation. Class. Quantum Grav. 19, 5335-5351 (2002).
https://doi.org/10.1088/0264-9381/19/21/303
[30] Yu. N. Obukhov and J. G. Pereira, Teleparallel origin of the Fierz picture for spin-2 particle.
Phys. Rev. D 67, 044008 (2003). https://doi.org/10.1103/PhysRevD.67.044008
[31] C.-M. Chen, J. M. Nester, and R.-S. Tung, Gravitational energy for GR and Poincare´
gauge theories: A covariant Hamiltonian approach. Int. J. Mod. Phys. 24, 1530026 (2015).
https://doi.org/10.1142/S0218271815300268
21
